EFFECTIVE EQUIDISTRIBUTION OF ^-INTEGRAL POINTS 
ON SYMMETRIC VARIETIES 

YVES BENOIST AND HEE OH 

Abstract. Let K he a global field of characteristic not 2. Let Z = H\G be a 
synrmetric variety defined over K and S a finite set of places of K. We obtain 
counting and equidistribution results for the S'-integral points of Z. 
Our results are effective when K is a number field. 



1. Introduction 

1.1. General overview. Consider a finite system of polynomial equations with 
integral coefficients. Its set of solutions defines an arithmetic variety Z C 
defined over Z. For a set S of primes including the infinite prime oo, let Z5 
denote the ring of S'-integers of Q, that is, the set of rational numbers whose 
denominators are products of primes in S". If S = {00}, Zs is simply the ring of 
integers Z, and if S consists of all the primes, then Z5 is the field Q of rational 
numbers. For any subring R of C, we denote by the set of points in Z with 
coordinates in R. One of the fundamental questions in number theory is to 
understand the properties of sets Z^g. In this paper, we obtain effective counting 
and equidistribution results of the S'-integral points, for S'-finite, in the case when 
Z is a symmetric variety. 

The counting question in this set-up has been completely solved for the in- 
tegral points via several different methods. The first solution is due to Duke, 
Rudnick and Sarnak in 1993 [15] and their proof uses the theory of automorphic 
forms. Almost at the same time, Eskin and McMullen gave the second proof 
utilizing mixing properties of semisimple real algebraic groups [IT]. The third 
proof, due to Eskin, Mozes and Shah [THj, is based on the ergodic theory of flows 
on homogeneous spaces, more precisely, Ratner's work on the unipotent flows. 

The approach of [17] using mixing properties has several advantages over the 
others in our viewpoint. First it does not require the deep theory of automorphic 
forms, avoiding technical difficulties in dealing with the Eisenstein series as in 
[T5j . Secondly, although this was never addressed in [17] , in principle it also gives 
a rate of convergence which the ergodic method of [18] does not give. Thirdly the 
method can be extended to other global fields of positive characteristic, which is 
again hard to be achieved via the ergodic method. 
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For these reasons, we develop the approach of Eskin and McMuUen [T7] in 
this paper in order to obtain effective resuhs for the general S-integral points on 
symmetric varieties. 

We use the mixing properties of S'-algebraic semisimple groups, with a rate 
of convergence. Implementing this in the counting problem, a crucial technical 
ingredient is to verify certain geometric property, which was named the wave- 
front property by [17] , for an S'-algebraic symmetric variety. We prove this using 
the polar decompositions for non-archimedean symmetric spaces obtained in [1] 
specifically for this purpose. We emphasize that the wave front property is pre- 
cisely the reason that our proofs work in the setting of an S'-algebraic symmetric 
variety for S finite. This property does not hold for a general homogeneous vari- 
ety even over the reals. In obtaining effective counting results for the S'-integral 
points of bounded height, we also use the works of Denef on p-adic local zeta 
functions ([l2j, yL3j) and of Jeanquartier on fiber integrations |i30j . 

We remark that the approach for counting via mixing was initiated in 1970 by 
Margulis in his dissertation on Anosov dynamical systems [3lj. Recently similar 
mixing properties in an adelic setting have been used in the study of rational 
points of group varieties (see 0, [22], and [27j). We also mention that for the 
case of group varieties, the effective counting result was obtained for integral 
points in and [27]. We refer to [SI], [2S|, [20], [IS], [2S|, [H], [SSj etc., for 
other types of counting and equidistribution results. 

1.2. Main results. We now give a precise description of the main results of this 
paper. 

Let K he a global field of characteristic not 2, i.e. a finite extension of Q or of 
Fq(t) where q is an odd prime. Let Z be a symmetric variety in a vector space V 
defined over K. That is, there exist a connected algebraic almost ii"-simple group 
G defined over K, a i^'-representation p : G ^ GL(V) with finite kernel and a 
non-zero point zo G \k whose stabilizer H in G is a symmetric i^-subgroup of G 
such that Z = zqG. By a symmetric i^'-subgroup of G, we mean a i^-subgroup 
whose identity component coincides with the identity component of the group of 
fixed points G'^ for an involution o" of G defined over K. We assume that the 
identity component H" has no non-trivial i^'-character. 

We fix a basis of the /^-vector space so that one can define, for any subring 
O of K, the subsets Yq C V, Zq C Z and Go C G of points with coefficients 
in O. For each place v of K, denote by be the completion of K with respect 
to the absolute value | ■ |,;. We write V^,, Z^ and G^, for Yr^, Zx„ and Gx„, 
respectively. 

Let S' be a finite set of places of K containing all archimedean (sometimes 
called infinite) places with G^ non-compact. Note that if charK is positive, K 
does not have any archimedean place. We denote by Os the ring of S'-integers of 
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that is, 

Os := {k e K I \k\^ < 1 for each finite v ^ S}. 

For instance, if = Q, we have Os = ^s- We set Z5 = Hiigs ^^"^ similarly 
G5 and H^. 

Note that the sets Z^^, G^g and Ho., are discrete subsets of Z5, G^, and H5 
respectively, via the diagonal embeddings. 

By a theorem of Borel and Harish-Chandra in characteristic and of Behr and 
Harder in positive characteristic (see Theorem 1.3.2.4 in |35]), the subgroups 
and are lattices in G5 and H5 respectively. Again, by a theorem of Borel, 
Harish-Chandra, Behr and Harder, the group Gos has only finitely many orbits 
in 'ZiQs (see Theorem 10 in pi]). 

Hence our counting and equidistribution question of S-integral points of Z 
reduces to counting and equidistribution of points in a single G^^-orbit, say, for 
instance, in zqGo^. Set 

'Z's '■= zqGs = Y\ ^oGy 

and let Ts be a subgroup of finite index in Gog- Let fixs be a Gs-invariant 
measure on Xs := FsyG^ and /iy^ an H^-invariant measure on Ys := (Ts n 
H5)\H5. For each f G S", we choose an invariant measure fiz^ on := z^Gy so 
that for fizs •= Ylves^^^vJ "^e have /ix^ = fJ'Zsf^Ys locally. For a subset C S, 
we set fizs, = UveSo^^z^■ 

For a Borel subset B of Zs, we set 

We assume that G5 is non-compact; otherwise Zq^ is finite. By considering a 
finite covering of G by its simply connected cover, we may also assume that G 
is simply connected without loss of generality. 

Before stating our main result, we summarize our set-up: 

is a global field such that char(i^) 7^2, Z ~ H\G is a symmetric 
variety in a vector space V defined over K where G is an almost 
i^-simple simply-connected i^-group acting on V such that the 
identity component H° has no non-trivial i^-character, and S" is a 
finite set of places of K containing all the infinite places v with G^ 
non-compact and satisfying that G5 is non-compact. 

Counting S-integral points. We first state our counting results. We refer to 
Definition 16.11 for the notion of a well-rounded sequence of subsets -B„ in Zs- 
Roughly speaking, this means that for all small e > 0, the boundaries of -B„ can 
be approximated by neighborhoods whose volume is of £-order compared to the 
volume of Bn uniformly. 
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Theorem 1.1. For any well-rounded sequence of subsets Bn of Zs with volume 
tending to infinity, we have 

i^{zoTs n Bn) ~ vo\{B„) as n oo. 

As a corollary, we obtain that the number of S'-integral points of size less than 
T is given by the volume of the corresponding ball in Zs- A most natural way 
to measure the size of an S'-integral point is given by a height function H^. For 
z G Z{Os), it is simply 

where the || ■ ||^ are norms on Vx„ which are euclidean when v is infinite and 
which are max norms when v is finite. This height function H5 naturally extends 
to Zs- 

Corollary 1.2. As T ^ 00, 

#{^ G ZoTs : Rsiz) < T} ~ voliBsiT)). 

where Bs{T) := {z E Zs : }ls{z) < T}. 

When i^' is a number field, Theorem 11.11 is proved with a rate of convergence 
(see Theorem 112. 2p . For instance, we get: 

Theorem 1.3. Let K be a number field. There exists 6 > such that as T 00 

G zoTs : lis{z) <T} = yoI{Bs{T)){1 + 0{T-')). 

We will see (Remark I7.10p that there exist a G Q>o, b G Z>o and ci,C2 > 
such that for T large, 

CiT"log(T)'' < Yo\{Bs{T)) < C2T-\og{Tf . 

In general, one cannot choose ci = C2. 

The rate of convergence in Theorem 11.31 is new even for integral points in 
the generality of symmetric varieties. In this T ^ 00, Yo\{Bs{T)) ~ 

cT"log(T)'', for some c > 0. 

Our proof of Theorem 11.31 uses Denef 's result on local zeta functions which 
is not available in positive characteristic. This explains our hypothesis on the 
characteristic of K. 

Equidistribution of S'-integral points. To motivate, consider the case when 
-f^ = Q and suppose that Zz[p-i], the set of rational points in Z with denomina- 
tors only power of is a dense subset in Zk, which is often the case. A natural 
question is when the sequence of subsets in Z^jp-i] consisting of elements of de- 
nominator precisely is equidistributed as n — >■ 00. That is, for two compact 
subsets 0.2 of Zjr, as n — 00, 

{x G Z^nl^i G Vz, v\v'^x} ^ vol(^]l) ^ 

{x G Zq n : P'^x G Vz, p\p-^x} ^ vol(fi2) ' 
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Once we note that p^x G Vi is equivalent to the condition that the p-adic 
maximum norm of x is at most p", the above question can be rephrased as the 
question of equidistribution on Zjr of the sets {z G Zz[p-i] : H^Hp = p"}. 

We answer this question in greater generahties: 

Theorem 1.4. Let S = SqUSi be a partition of S . For any well-rounded sequence 
Bn of subsets of Zg^ with volume tending to infinity, and for any compact subset 
Q C Zso of positive measure and of boundary measure 0, we have 

# ZqTs n (fi X Bn) ~ f^Zs^ {^) f^Zs, (Bn) aS U ^ OO. 

Note that the special case discussed prior to Theorem 11.41 corresponds to K = 
Q, So = {oo}, Si = {p}, and Bn = {z e Zq^^ : \\z\\p = p"}. 

Note that in all the above theorems, we may replace zqTs by Zq^ := ZsH Zq^. 
as long as we renormalize the volume form so that the volume of a subset E G Zs 
is given by 

(1-5) = T.^^)^^siE) 

where we sum the contributions from each F^-orbit in Zq^. Hence we obtain: 

Corollary 1.6. Assume S has at least two places. 

(1) For any finite v G S, the sets Z{T) := {z G Zog '■ \\z\\v = T} become 
equidistributed in Zs-{v} as T —>■ oo, subject to the condition Z{T) ^ 0. 

(2) For an infinite v E S, the sets Zt := {z G Zq^ : \\z\\y < T} become 
equidistributed in Zs-{v} as T ^ oo, provided Z^ is non-compact. 

Again, when K is a number field. Theorem 11.41 and Corollary 11.61 are proved 
with a rate of convergence (see Corollary 1 1 2 . 3 1 and Proposition ll3.2l) . For instance, 
we obtain: 

Theorem 1.7. Let K be a number field and S = Sod U Sf be the partition of 
S into infinite and finite places. We assume that is non compact. Set 
Pt '■= {z G Zsf : }lsf{z) < T}. Then there exist 6 > such that for any 
compact subset Q of Zs^ with piecewise smooth boundary, 

#(zors n{nx Pr)) = wt ^^z^m^ + oir^')) asT-.^ 

where Wt := fiZs^iPr)- 

Equidistribution of translates of H5-orbits. Set Xs = Gos\Gs and I5 = 
Hc)£,\H5. Let and /iy^ be invariant probability measures on Xs and Ys 
respectively. The following theorem is a crucial tool in proving Theorem 11.11 It 
states that the translates Ysg is equidistributed in Xs as g leaves compact subsets 
of Hs\Gs. 
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Theorem 1.8. For any tp G Cc{Xs), 

I 4'{y9)dfJ'Ys{y) ^ / ^ dfixs 9 tends to infinity in H5\G5. 

Jys Jxs 

The case when K = Q and S = {oo}, Theorem 11.81 was proved in [TTj, |15j . 
[18] and [15|. In the case when H5 is semisimple and non-compact, it is recently 
proved in [2l], by extending theorems of Mozes-Shah [38] and Dani-Marguhs [10] 
in S'-algebraic settings. None of the above papers address the rate issues, while 
our proof gives effective version in the case when char(fC) = 0: a smooth function 
on Xs is a function which is smooth for each infinite place in S and invariant 
under a compact open subgroup of for each finite place v E S. The following 
effective version of theorem 11.81 is a crucial tool in proving Theorem 11.31 as well 
as other effective results in this paper. 

Theorem 1.9. For K number field, there exists k, > such that, for any smooth 
function ip on Xs with compact support, there exists c = > such that 

<c}lsizo9y" forallgeGs- 



t{j{yg) dfiYsiv) - / dfixs 
Ys Jxs 

Examples. Let K = Q and consider the following pairs (V, /): 

(A) V: the affine n-space with n > 3 and /: an integral quadratic form of 
n-variables. If n = 3, we assume that / does not represent over Q. 

(B) V: the space of symmetric n x n matrices with n > 3 and / = ± det. 

(C) V: the space of skew-symmetric 2n x 2n-matrices with n > 2 and / = 
± pffaf = ±Vdet. 

For a positive integer m, define 

:= {x G V : /(x) = m}. 

Consider the radial projection vr : Vi given by s 1— > rn^/'^x where d is the 

degree of /. Let V(Z)p™ be the set of primitive integral vectors in V. For a finite 
set S of primes of Q containing the infinite prime cxd, we denote by (5*) C Q* the 
multiplicative semigroup generated by the finite primes in S. 

We give a partial answer to the following Linnik problem (see [32], [H], |20j . 

!): 



Corollary 1.10. Fix S and (V,/) as above. Then there exist constants 5 > 
and ujm, such that for any non-empty compact subset Vl C Vi(]R) with piecewise 
smooth boundary, we have 

#n n 7r(V^(Z)»'"™) = vol((^)(l + 0{m-^)) 

asm ^00 in {S), subject to V„(Z)f"™ ^ 0. 
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A special case of (A) gives an effective equidistribution for {x G : f{x) = m} 
with / = x^+y^ + z^ or / = x^ + y^ — 3z^, fience giving a different proof of partial 
cases (because of the restriction on m) of theorems of Iwaniec [29] and Duke |14j . 
Note that a special case of (B) gives an effective equidistribution for the positive 
definite integral matrices of given determinant. These cases are of special interest 
since the corresponding symmetric group H is either compact over the reals or a 
torus. When H is semisimple without compact factors over the reals, Corollary 
11.101 in its non-effective form, but with no restriction on m, is obtained in [20] 
using Ratner's work on the theory of unipotent flows. 

Corollary 1.11. Keep the same assumption as in Corollary \1.10\ and set ms to 

be the product of the finite p E S. For the case (A), we further suppose that f 
represents over Qp for at least one p E S. Then there exists 6 > such that 

#{x G V(Z)f"™ : ||x|U < T, fix) E (S)} = Vril + 0(r-^)) 

where the asymptotic vt is given by the following sum over the divisors m of 

mr-. 

VT = i:m\mt- vol({x G (V„)<j : ^six) < T}) 

To prove corollaries 11.101 and II. IH we will apply the effective versions of The- 
orems [TTT] and [T31 to \i{7js). We list more examples in section [TBI 

I. 3. Guideline. We tried to help the reader in writing "twice" the proofs: In 
the first half of this paper we concentrate on the main term in the counting and 
equidistribution statements. In the second half, we follow the same strategy but 
develop more technical tools to obtain the effective versions of these statements, 
i.e. to control the error terms. 

In section [21 we recall the decay of matrix coefficients for semisimple groups G 
and its application on a homogeneous space r\G of finite volume. In section [21 we 
show the wavefront property for symmetric spaces H\G over local fields and their 
products. In section [H we explain how mixing and wavefront properties imply the 
equidistribution properties of translates of i7-orbits in r\G given in Theorem 1 1.81 
In sections [5] and [6l we explain how these equidistribution properties for translates 
of if-orbits in r\G allow us to compare for well-rounded sequences of functions 
on H\G each sum over a F-orbit with the integral on H\G. In section [HI we give 
examples of well-rounded sequences and give proofs of Theorem 11.11 Corollary 

II. 2[ Theorem 11.41 and Corollary 11.61 

Starting from section [HI we prove the effective results listed in the introduction. 
Theorem 11.91 is proved in section [Til ^ind Theorems II. 3[ 11.71 Corollaries 11.101 and 
ll.ll[ among other effective applications, are proved in section [TH We list more 
concrete examples in section [151 

In the appendix [161 we give some general estimates for the volume of balls in 
the orbits of algebraic groups both over the real and p-adic numbers. 
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We remark that in the whole paper the assumption of H symmetric is used 
only to obtain the (effective) wave front property for H5\G5. The methods and 
the arguments in this paper work equally well for any i^"-subgroup H with no 
non-trivial characters satisfying the wave front property. 

Acknowledgment The authors would like to thank Alex Gorodnik for helpful 
conversations. 



We first recall the Howe-Moore property also called decay of matrix coefficients. 

Definition 2.1. A locally compact group G is said to have the Howe-Moore prop- 
erty if, for every unitary representation [Ti, vr) of G containing no non-zero vec- 
tors invariant by a normal non- compact subgroup, we have for all v, w ETi, 



This Howe-Moore property is related to the following mixing property. 

Let G be a (unimodular) locally compact group and V a lattice in G, i.e. 
a discrete subgroup of finite covolume. Let be a G-invariant measure on 
X := r\G. The group G acts on X by right-translations. 

Definition 2.2. The action of G on X is said to be mixing if for all a and 



The relation between these two definitions is given by the following straight- 
forward proposition. 

Definition 2.3. A lattice T in a locally compact group G is called irreducible if 
for any non-compact normal subgroup G' of G, the subgroup TG' is dense in G. 

Note that this definition is slightly stronger than the usual definition since it 
excludes lattices contained in a proper subgroup of G. 

Proposition 2.4. Let G be a locally compact group satisfying the Howe-Moore 
property and T an irreducible lattice in G. Then the action of G on T\G is 
mixing. 

Proof. This is well-known. One may assume that a and j3 belong io Ti : = 
Lq(X) of square-integrable functions with zero integral. The G-action by right- 
translations on Ti via {TT{g)f){x) = f{xg) is a unitary representation of G. The 
irreducibility hypothesis on F implies precisely that Ti does not contain any non- 
zero vector invariant by a normal non-compact subgroup of G. Hence, by Defi- 
nition [2TT1 the matrix coefficients ^{g)a,(3) converge to as g tends to infinity. 



2. The mixing property 



lim (ji{g)v, w) = . 




□ 
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The main example is due to Howe-Moore. 

Theorem 2.5. For i = 1, ..,m, let ki he a local field and Gi the group of ki- 
points of a connected semisimple ki-group. Then the product G := YllLi Gi has 
the Howe-Moore property. 

In this paper, "local field" means "locally compact field" , i.e. a completion of 
a global field, or, equivalently, a finite extension of M, Qp or ¥p{(t)). 
Proof. See, for instance. Proposition II. 2. 3 of [35] or [3]. □ 

3. The wavefront property 

The wavefront property was introduced by Eskin and McMuUen for real sym- 
metric spaces [T7|. Let G be a locally compact group and H a closed subgroup 
of G. 

Definition 3.1. The group G has the wavefront property in H\G if there exists 
a Borel subset F C G such that G = HF and, for every neighborhood U of e in 
G, there exists a neighborhood V of e in G such that 

HVg C HgU for all g e F. 

This property means roughly that the gf-translate of a small neighborhood of 
the base point Zq := [H] in H\G remains near z^g uniformly over g & F. 
This section is devoted to proving the following: 

Proposition 3.2. Let k be a local field of characteristic not 2, G a connected 
semisimple k-group, a a k-involution of G, G = Gk and H a closed subgroup of 
finite index in the group G'^ of a-fixed points. 

Then the group G has the wavefront property on H\G. 

To prove the above proposition, we need the following two lemmas. A fc-torus 
S of G is said to be {k, cr)-split if it is fc-split and if a{g) = g~^ for all g E S. By 
a theorem of Helminck and Wang [28], there are only finitely many i7-conjugacy 
classes of maximal {k, cr)-split tori of G. Choose a set {Aj : 1 < i < m} of 
representatives of if-conjugacy class of maximal {k, cr)-split tori of G and set 

The following lemma was proved in [T7] for = M, in [1] for all local fields of 
characteristic not 2 (and independently in [TT] when the residual characteristic is 
not 2). 

Lemma 3.3 (Polar decomposition of symmetric spaces). There exists a 
compact subset K of G such that 

G = HAK . 

The second lemma we need is based on the work of Helminck and Wang. 
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Let A be a maximal {k, (j)-split torus of G and L the centralizer of A in G. 
The set of roots $ = $(G,A) for the action of A on the Lie algebra of G is 
a root system. For every positive root system C $, let N (resp. N~) be 
the unipotent subgroup of G generated by the root groups (resp. V-a), for 
a G $+, let P := LN (resp. P" := LN") and A^ the Weyl Chamber : 

A^ := {a e Ak\ \a{a)\ < 1 , for all a e . 

When vary, the Weyl chambers form a finite covering of A^. Since P~ = cr(P), 
the parabolic fc-subgroups P are cr-split, i.e., the product HP is open in G [281 
Prop. 4.6 and 13.4]. Conversely, any minimal cr-split parabolic /c-subgroups of G 
containing A can be constructed in this way for a suitable choice of . 

Lemma 3.4. (1) The multiplication map m : x P^ — > G^ is an open map. 

(2) There exists a basis of compact neighborhoods W of e in P^ such that 

a~^Wa C W for all a e A^. 

(3) For every neighborhood U of e in G, there exists a neighborhood V of e in 
G such that 

HVa C Hall for all a G A^. 

Proof. (1) When char(fc) = 0, it follows from the fact that Lie algebras of P^ 
and Hfc generate the Lie algebra of Gfc as a vector space. For a characteristic 
free argument, see [28] or Proposition L2.5.4 in [35j . 

(2) When char(fc) = 0, note that the action of A^ on the Lie algebra Lie(Pfc) 
gives a family of commuting semisimple linear maps Ad (a) whose eigenvalues 
have bounded above by 1 in their absolute values. It follows that there exists 
a basis of compact neighborhoods Wq of in Lie(Pfc) which are invariant by all 
Ad (a), a G A^. It suffices to set W = exp(l^o)- 

It is easy to adapt this argument in positive characteristic case; write Pfc = 
LfcNfc, and note that contains a Afc-invariant compact open subgroup. Now 
considering the linear group as a group of upper triangular matrices in a 
suitable basis where elements of A^ are diagonals with increasing coefficients in 
absolute value, we can find a basis of compact neighborhoods W as desired. 

(3) Choose W as in (2) small enough so that W <Z U and choose any neigh- 
borhood y of e in G contained in HW . We then have HVa C HWa C Hall, as 
required. □ 

Proof of Proposition VJ.'A We will prove that G has the wavefront property on 
H\G with the subset F = AK defined in Lemma 13. 3[ By Lemma 13. 3[ it suffices 
to show that for every neighborhood U of e in G, there exists a neighborhood V 
of e in G such that HVg C HgU for all g G AK 

Recall A = U^iAj(fc) where Aj is a maximal {k, (T)-split torus of G. Fix i and 
a positive Weyl chamber G of Ai{k). 
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Since K is a compact set, there exists a neighborhood Uq of e in G such that 
k~^Uok is contained in U for all k in K. By Lemma I3.4[ (3). there exists a 
neighborhood Vc of e in G such that V^a C HaUo for all a G G. 

Now set V := ClcVc where the intersection is taken over all (finitely many) 
positive Weyl chambers of Aj(fc), 1 < i < m. Then for g = ak & {UcC)K = AK 
with k & K and a G G, we have 

HVg C HVcak C HaU^k C HakU = HgU . 

This finishes the proof. 

In section ISl we will use this wavefront property in the product situation, owing 
to the following straightforward proposition. 

Proposition 3.5. For i = 1, . . . ,m, let Gi be a locally compact group, Hi C Gj 
a closed subgroup, G := 111^1^* ^ '■— YYiLi^i- U Gi has the wavefront 
property on Hi\Gi for each 1 < i < m, then G has the wavefront property on 



The following theorem is an immediate consequence of Propositions 12.41 12. 5[ 
OandESl 

Theorem 3.6. Fori = l,..,m, let ki be a local field, Gi the group of ki-points 
of a semisimple ki-group, (Xj an involution of Gi defined over ki, Gi* its group of 
fixed points and Hi a closed subgroup of finite index of G"*. Let G = YYiLi ^''^'^ 



Then the group G has the wavefront property on H\G. 

Moreover, for any irreducible lattice T in G, the action of G on T\G is mixing. 

Note that this theorem provides many natural examples of triples (G, F) 
which satisfy the hypothesis of the propositions 14. ![ 15.31 and 16. 2[ 



In this section, let G be a locally compact group, if C G a closed subgroup, 
r C G a lattice such that Th := F fl ii is a lattice in H . Set X = r\G and 
Y = Th\H. Let fix and fiy be invariant measures on X and Y respectively. 

Proposition 4.1. Suppose that the action of G on X is mixing and that G has 
the wavefront property on H\G. Then the translates Yg become equidistributed 
in X, as g —>■ oo in H\G. 

This means that as the image of g in H\G leaves every compact subsets, the 
sequence of probability measures ^J(Y) 9*f^Y weakly converges to jj^^^fix, i-e., 
for any ip G Gc(X), we have 



H\G. 



4. EQUIDISTRIBUTION of translates of /f-ORBITS 



(4.2) 
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Proof. The following proof is adapted from [17J; we point out that the case when 

Y is non-compact requires a bit more care, which was not addressed in [T7]. Since 
G = HF, we may assume that g belongs to the subset F in Definition 13.11 We 
assume, without loss of generalities, that fix and /iy are probability measures. 
Let ip G Cc{X). Fix e > 0. By the uniform continuity of ip there exists a 
neighborhood f/ of e in G such that 

(4.3) \i/j{xu) — ip{x)\ < e for all u E U and x E X. 

By the wavefront property of G on H\G, there exists a compact neighborhood 

V C U of e in G such that 

(4.4) Vg C HgU for all ^ G F 

Choose a compact subset gY of measure at least /iy(Y'e) > 1 — e. Choose 
a Borel subset W C V in G transversal to H, i.e., a subset W of G such that 
the multiplication m : H x W G is injective with the image HW being an 
open neighborhood of e in G. Using the compactness of and the discreteness 
of r, we may assume that the image of W in H\G is small enough so that the 
multiplication m : Y^ x W ^ Y^W is a bijectioi£| onto its image Y^W C X. 

Let fiw be the measure on W such that fix = fiyf^w locally. 

Setting 



ig ■= j i^{y9)dnY{y), 



we need to show that 

(4.5) Ig ^ ip dfix as g E F goes to infinity in G. 

Jx 

For simplicity, set 

•^9 = 11^:^ / Hywg)dfiY{y)dfiw{w) and Kg = / tpixg) dfix{x). 

JyxW JYsW 

Roughly speaking, we will argue that Ig is close to Jg as a consequence of the 
wavefront property, Jg is close to Kg since the volume of Y — Y^ is small, and 
finally Kg is close to the average of ip for large g because of the mixing property. 



-"^When Y is compact, one can choose the transversal W such that the map Y xW YW is 
bijective onto an open subset of X. When Y is not compact, such a transversal does not always 
exist. Here is an example: let G be the orthogonal group of the quadratic form a;^ + j/^ + — 
on M^, vq = (1,0,0,0), vi = (1,0,2,2), F — Gz and H the stabilizer of the point vq. One 
checks easily that (a) vi — 7W0 for some 7 e F and that (b) vq is a limit of elements vihn of the 
H-orbit of vi. Hence there exists a sequence gn converging to e in G such that Hgn H ^ 0. 



To check (a), take 7 = 



/ 1 2 2 \ 

10 

2 12 

\ 2 2 3 y 



For (b), take hr, 



/ 1 \ 

10 

cosh n — sinh n 

\^ — sinh n cosh n J 



S'-INTEGRAL POINTS 13 

By (14.41) ■ for each w E W and g & F, we have wg = hg-^^gu for some hg^^ £ H. 
Hence 



1^9- / '^{ywg)dfiY{y)\ = I / ■^{yg)dfiY{y) - / -^{yhg^^gu) d^yiy)] 

i^iyg) - i'iygu)) duriv)] < ^ by (gj]). 



y 



Therefore we have 

By the choice of IV, we have 

1 



Ig - Jg\ < e. 



^9 = I I ^(y^9) duriy) djjwiw) 



and hence 

\Jg - Kg\ < 2fiyiY - n) IIV^IU < 2||^||oo ^. 

Since Kg = ^^^^^ i'ixg) lY^wix)djj,xix) where ly^w is the characteristic 
function of WY^:, the mixing property of G on r\G says that Kg converges to 
/iy(Fe) ipdfix as g 00 in F. Hence ior g E F large enough we have, 

\Kg- / ^dfxx\<£ + f^YiY -Ye) i) d^ix < (1 + 

J X J X 

Putting this together, we get 

\Ig - / i)d^ix\ < {Ig - Jg\ + \ Jg - Kg\ + \Kg- / ^d^ix\ 
J X J X 

< {2 + 3\\ij\U)e. 

Since £ > is arbitrary, this shows the claim. □ 

Using Theorem 13.61 we obtain: 

Corollary 4.6. Let G, H, T be as in Theorem \ 3.6i . Then the translates Yg : = 
TnXHg become equidistributed in X := T\G as g ^ 00 in H\G. 

5. Sums and integrals 

Let G be a locally compact group, H d G a. closed subgroup, F C G a lattice 
such that T H := T r\ H is a, lattice in H. Let Xq := [F] be the base point in 
X := F\G, Y = xqH and zq := [H] be the base point in Z := H\G. We note 
that ^qT is a discrete subset of Z. There exist G-invariant measures ^x, /^y and 
fiz on X, Y and Z. We normalize them so that fix = fJ-zfJ-v locally. 

For a given sequence of non-negative functions (fn on Z with compact support, 
we define a function F„ on X so that, for x = Xog, Fn{x) is the sum of ipn over 
the discrete orbit ZQTg: 
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(5.1) Fn{x) := ^ ipn{zo'jg) for x = Tg. 

■y&H\T 

We would like to compare the values of Fn with the space average over Z: 



(5.2) 4 := ^ / ^^z) dfiziz) 

We remark that this normalized integral /„ does not depend on the choices of 
measures. 

The following proposition 15.31 says that the sum F„ is asymptotic to the nor- 
malized integral at least weakly. 

Proposition 5.3. Suppose that the translates Yg become equidistrihuted in X as 
g ^ oo in Z . Then for any sequence of non-negative functions on Z with 
compact support such that max„ Hv^nlloo < c)0 and lim f'ipndfiz = oo, the ratios 

n—foo 

Fn{x)/In converge weakly to 1 as n —> oo. 
This means that, for all a G Cc{X) , 

(5.4) lim — / Fn{x) a{x)d^x{x) = [ a{x)d^x{x) ■ 

In Jx Jx 



Proof. Using transitivity properties for invariant integration on homogeneous 
spaces, we obtain that for all a G Cc{X), 

/ FnadnY\G = y2 '^n{Hig)a(Xg)dfir\G(Xg) 

Jr\G Jr\G^gr^^P 

(pniHg)a{Tg)diJ,r\GH(^H9) 



IH\G 

where /3 is the function on Z given by. 



G„\r 

I (pn{Hg)a{THhg) dfimXH (^Hh) djjH\G (Hg) 

H\G JVhXH 

^n{z)l3{z)d^lH\G{z) 



(5{Hg) = / a{THhg)d^YH\H{^Hh) 
Jr„\H 



a{yg)dfiYiy) ■ 



Y 
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By assumption, we have 

Jim = / a{x)dfixix) ■ 

Since /„ = oo and ipn are uniformly bounded, by the dominated conver- 

gence theorem 

lim ^ / ipn{z)P{z)dfiz{z) = [ a dfix- 
In Jz Jx 

Hence we obtain the equality (15.41) . □ 
6. Counting and equidistribution 

We will now improve the weak convergence in proposition 15.31 to the pointwise 
convergence of the functions F„. This requires some hypothesis on the sequence 
of functions (pn which will be called well-roundedness. We keep the notations of 
section [5l 

Definition 6.1. A sequence or a family of non-negative integrable functions tpn 
of Z with compact support is said to he well-rounded if for any £ > 0, there exists 
a neighborhood U of e in G, such that the following holds for all n. 



{l-e) I (supv9„(2:m)) diiz{.z) < (pn d^iz < / (inf ^nizu)) d^z{.z). 

Jz u£U Jz Jz 

A sequence of subsets Bn of Z is said to be well-rounded if the sequence 1b„ is 
well-rounded. 

Sometimes we will apply the above definition to a continuous family {(fr} of 
functions or subsets, whose meaning should be clear. 

Recall that we want to compare the orbital sum F„(xo) = "^^(zr/rn ^n{lzo) 
with the average J„ = j^ipn{z)d^z{z). 

Proposition 6.2. Keep the notations and hypothesis of Proposition \5.3\. and 
assume that the sequence ipn is well-rounded. Then, 

Fn{xo) In as n oo. 

The notation ~ 6„ means that the ratio of a„ and 6„ tends to 1 as oo. 

Proof. Once again, we may normalize the measures so that fJ^xi^) = /^y(^) = 1- 
Fix £ > and let U he a neighborhood of e in G given by Definition 16.11 We 
introduce the functions (p^ on Z defined by 

ifitiz) '■= sup !fn{zu~'^) and (f~{z) := inf (fri{zu~'^) 

and their integrals 1^ '■= vt, dfiz- Note that for each n, 
(6.3) (1 - £)/+ < 4 < (1 + e)I- . 
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We also introduce the functions Fj^ on X: 

Fni^) = '^ni^o^a) for X = Tg. 

It is easy to check that, for all u ^ U and x G X 

F-{ux) < Fn{x) < F+{ux) . 

Choose a non-negative continuous function a on X with a = 1 and with 
support included in xqU so that the following holds for all n: 



a F^ dux < Fn{xo) < / a F^ dfix ■ 
'X Jx 

Applying Proposition 15.31 to the sequences of functions ip^, we obtain, for all n 
large, 

(6.4) (l-e)/-<F„(xo)<(l + e)/+. 

Using the estimations (16.31) and (16. 4p . every cluster value of the sequence of ratios 
Fn{xo)/In is within the interval [j^, j^]- Hence this sequence converges to 1. □ 

7. Well-roundedness 

In this section, we provide explicit examples of well-rounded sequences in 
order to apply Proposition 16. 2[ We start with an observation that the product of 
well-rounded sequences is again well-rounded. 

Example 7.1. For each i = 1, . . . ,m, let Gi be a locally compact group, Hi <Z Gi a 
closed subgroup and ipi^n be a well-rounded sequence of functions on Zi := Hi\Gi. 
Let G := rij'^i^j' ^ '■— YYiLi^i ^'^^ ^ '■— YULi^i- Then the sequence 
defined by 

l<.i<m 

is well-rounded. 

Proof. Fix £ > 0. Let Ui be a neighborhood of e in Gi such that the functions ipf^^ 
on Zi defined by '^tni.^i) = sup ipi^n{ziUi) and ipi'^izi) = inf ipi^n{ziUi) satisfy 

Let U := Y\Ui, and be the functions on Z defined by 

V9+(2:) = supv9„(zn) and (f~{z) = inf (pn{zu) 
ueu "el/ 

so that = n V^tn and 

(1 - 5)- ^+ <Jz^n<{l + er Iz ■ 
Hence the sequence is well-rounded. □ 
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The next example deals with the constant sequences. It will be used both for 
the archimedean and the non-archimedean factors. 

Example 7.2. Let G be a locally compact group, H a closed subgroup of G, 
Z = H\G, and ip G Cc{Z) with if > and if ^ 0. Then the constant sequence 
(fn = is well-rounded. 

Proof. Use the uniform continuity of and the compactness of its support. □ 

The following example deals with the archimedean factors. 

Example 7.3. Let G be a real semisimple Lie group with finitely many connected 
components, V a finite dimensional representation of G, Z a closed G-orbit in V 
with an invariant measure fi and ||.|| an euclidean norm on V . Then the family 
of balls Bt := {z E Z \ \\z\\ < T}, T ^ 1 is well-rounded. 

Proof. By Corollary 116.31 a of the appendix, we have 

/i(5T) ~T cT^ilogTf 

for some a G Q>o, b G Z>o and c > 0. It is easy to deduce the claim from the 
above asymptotic using the assumption that the action of G is linear on Z. □ 

As for the non-archimedean factors, we have: 

Example 7.4. Let k be a non-archimedean local field, G the group of k -points of 
a connected semisimple k-group, p : G ^ GL(y) a representation of G defined 
over k, Z a closed G-orbit in V with an invariant measure and \\ ■ \\ a norm on 
V . Then, both the family of non empty balls Bt := {z E Z \ \\z\\ < T}, and the 
family of non-empty spheres St '■= {z E Z \ \\z\\ = T}, are well-rounded. 

Proof. Since the action of G on y is linear, the stabilizer in G of the norm is a 
compact open subgroup of G. Hence this example is a special case of the following 
easy assertion. □ 

Example 7.5. Let G be a locally compact (unimodular) group, H a closed (uni- 
modular) subgroup of G, Z = H\G and U a compact open subgroup of G. Then 
any sequence of non-negative U -invariant L^-functions on Z is well-rounded. 

As the last example, we will show that a sequence of the height balls is well 
rounded. We will need the following basic lemma. 

Lemma 7.6. Let I be a finite set. For each i E I , let > 1 and Xi > be given. 
Let A : ^ be given by A(m) = Yliei '^i'^i /^^ — ("^j); P :W ^ 
a function given by P{m) = Yliei where Pi is a real-valued function of a 

variable x given by a polynomial expression in (x, rf ) and which is positive on N. 
Then we have 

wt+i = 0{wt) for t large 
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where 

Wt := P(m) . 

{m£N' , X{m)<t} 

Proof. Since each Pj is positive on N, there exists C > such that for i G / and 
n G N, one has 

P^{n + l)<CP,{n). 
Hence for each m G and each e in the basis E of N^, one has 

P(m + e) < CP(m). 
Setting to := minj Aj = mineg^; A(e), one gets 

wt+to ^ ^("^ + e) < rCwt . 

e€E \{m)<t 

for r = |/|. Hence we conclude that wt+i < {rC)^wt with k = ^ + 1. □ 

Remark 7.7. One can improve the conclusion of Lemma [7.61 there exist a > 0, 
b G Z>o and Ci, C2 > swc/i t/iat, for t large, 

cie'^H^ <wt< C2e^H^ . 

Moreover, setting Cirf'^x'^^ for the dominant term of Pi{x), the exponents a and b 
are given respectively by = max rf'^'^^ and b is given byb = "^Abi + 1) — 1 where 

the sum is taken over all i such that e"" = rf'^^'. The proof is a straightforward 
induction on |/|. Here is a sketch: one may assume that, for all i, Pi{x) = CiC'^^^x'^^ 
and Xi = 1. One fixes io G /, set / := I — {io} and writes Wt := J2i<n<t Pioi^)'^t~n 
where, by induction hypothesis, Wt satisfies a similar estimation, as t 00: 
cie°'^t^ < Wt < C2e"'H^ for some a > 0, 6 G Z>o and ci,C2 > 0. From that, one 
gets the required estimation for Wf. 

For the rest of this section, let / be a finite set. For each i E I, let ki be a 
local field of characteristic 0, Gi the group of fcj-points of an algebraic fcj-group, 
Vi an algebraic representation of Gi, and Zi dVi a. non-zero closed Gj-orbit with 
an invariant measure /Xj. 

We set 

G := J]^ Gi, Z :=Y\ Zi, /i := ®i6//ii. 

iG/ iG/ 

Let Joo C / be the set of indices with ki archimedean, and // := I \ loo- 
The partition J = Joo U // induces decompositions G = Goo x of the group, 
Z = Zoo X Zf of the orbit, and /i = f^oo ® /i/ of the invariant measure. 
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Let II • ||j be a norm on Vi. We assume that || ■ ||i is euclidean if i G /oo and a 
max norm otherwise. These norms define a height function h : Z ^ IR+ 

h{z) = Y\ 
iei 

Since each Zj is a closed non-zero subset in Vi, we have min^g^^ ||2;||j > and 
hence h is a proper function on Z. We can also write h = hoc ® hj where 

hoo ■■= riie/oo II ■ 11^ ^/ •= Uiei^ II • 
Set 

br := {zeZ^l h^{z) <T} , /3t := {zeZf\ hf{z) < T} , 
Vt := fJ'iBr) , Vt = /ioo(&T) and wt = fifiPr) ■ 

Lemma 7.8. Assume that h^o is not constant on Z^o- 

(1) There exist a G Q>oj b G Z>o, and c > such that as T ^ oo, 

VT cT^ilogTf and j^vr cjp{T\\ogTf). 

(2) There exist constants k > and Ci > such that for all e g]0, 1[ and all 
T > 

V(i+e)T - Vt < Ci{vt + l)e''. 

(3) ForT large, one has W2t = 0{wt)- 

(4) There exist k > sfic/i that uniformly for T large and e g]0, 1[, 

^(l+e)r = (l + 0(£''))VT. 

Proof. (1): Apply Proposition 116.21 of the appendix to the regular function F := 
/i^ on the orbit Z^o- Note that since vt is an increasing function of T, one has 
a > 0. Moreover, note that, when a = 6 = 0, the orbit is of finite volume and 
hence compact. 

(2): First note that, since h^^ is not constant on Zqo, the function Vt is con- 
tinuous. 

When T is large, we use (1) to get the following bound f (i+£)t — f t = O^evt) 
which is uniform in e g]0, 1[. 

When T is bounded, we use the fact that the function vt is differentiable 
except at the critical values r of hoo- Since /i^ is a regular function, there are 
only finitely many such critical values r. Around these points, there exists a 
constant k, < k < 1 such that, for e > small, one has the following bound for 
the derivative: 

(7.9) = 0{e--'). 

This assertion is a consequence of Theorem 116. II of the appendix. More precisely, 
set / := ±(/ioo — t). Since Z^o is smooth, one can choose eo > and an open 
covering Uj of /~^(] — £0, ^o\) by open sets bianalytically homeomorphic to balls. 
A partition of unity gives us C°° functions ipj with compact support in Uj such 
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that J2j = 1 /^^(] "~ ^0/2, £o/2[). We simply apply Theorem 116.11 to these 
functions / and ipj to get (17. 9p . 

Integrating v[ on the interval [T, (1 + e)T], and using (17.90 near the critical 
values in this interval, one gets, uniformly for e small and T bounded, 

V(^i+s)T -vt = 0{e'^). 
Putting these together proves the claim. 

(3) : We will assume, as we may, that inf^g^- > 1 for each i G //. For any 
|//|-tuple m = {mi)i^j^. G N^-'^, we set 

S{m) = Y\ Si{mi) where Si{mi) := {z E Zi : \\z\\i = rrii}. 
ieif 

Letting Um '■= fJ,f{S{m)) and vTm := ni"^*) has 

where A4 C f^^^ consists of m G with non-empty S{m). The main point of 
the proof is to use the formula for Um given by Theorem 116.61 of the appendix. 
According to this formula, there is a finite partition of Ai in finitely many pieces 
Aia such that 

- each piece A^q, is a product of subsets J^a,i of N which are either points or of 
the form {rrii = Ca,i q^\i : G N} for some positive integers Ca^j, ga^j, 

- on each piece M-a, the volume Um is given by a formula Wi^zi^. Pa,i{ni.,q'^i'^) 
where Pa^i is a polynomial and d a positive integer. 

According to Lemma [7.61 with T = 2*, the volume 

Wa,T ■= Y.{meMo.,nm<T}^rn 

satisfy the bound Wq,,2t = 0{wa,T)- Hence one has W2t = 0{wt) as required. 

(4) : Let Tq := inf^g^^ h^o^z) > 0. According to (2), there exists C > such 
that for T large 

V{l+s)T -Vt = Zlm(^(l+e)r/7r„ " Vr/n^) 

< Ce"" VT/n,^ UJm + Em ^m) 

< Ce''{VT + W2T/To) 

where the above sums are over all the multi-indices m G with Tq-k^ < 2T. 
Then, applying (3) twice, there exists C > such that for T large 

V^I+,)T-Vt < Ce%VT + C'wT/2To) 

as required, since V2T0 > 0. □ 
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Remark 7.10. One has the following estimate for the volume Vt of the height 
ball : there exist a G Q>0; b G Z>o and ci, C2 > such that for T large, 

ciT"log(T)'' <Vt< C2r"log(T)' . 

This is a straightforward consequence of the formula Vp '■= Wx/tV^dt and of 
the estimation of wt and v'j, given in Remark 17.71 and Lemma [7.81 (1). 

Proposition 7.11. (Height ball) The family of height balls Bt := {z E Z \ 
h{z) < T}, T ^ 1, is well rounded. 

Proof. We will assume as we may that all the orbits Zi have positive dimension. 
When /oo = 0, the well-roundedness of Bt is a consequence of Example 17.51 
Hence we will assume that /oo 7^ 0. When the height function h^o is constant on 
Zoo, the well-roundedness of Bt is a consequence of Example 17.11 

When the height function hoo is not constant on Zoo, the well-roundedness of 
Bt follows from Lemma 17.81 (4) and of the linearity of the action of each Gi on 
V. □ 

Although we stated the above proposition only for characteristic fields, when 
all the ki have positive characteristic, the height balls are also well-rounded by 
Example 17. 5[ 



8. Applications 

We will be applying the following theorem and corollary to the above examples 
of well rounded sequences. 

Theorem 8.1. Let I be a finite set. For each i E I, let ki be a local field 
of characteristic not 2, Gi the group of ki-points of a semisimple algebraic ki- 
group, Hi C Gi the ki-points of a symmetric ki-subgroup. Set Gj := Hie/^*' 
Hj := Yliei^i, Zj := Hi\Gi and Zq = [Hj]. Let T be an irreducible lattice of 
Gi such that Th '■= T H Hj is a lattice in Hj. Then for any sequence Bn of 
well-rounded subsets of Zj with volume tending to infinity, we have, as n ^ 00, 

#(zorni?„)~^/.z,(5n), 

where X = T\Gi, Y = Th\Hj and the volumes are computed using invariant 
measures as in / I5.i^)) . 

Proof. Use Corollary 14.61 and Proposition 16.21 with y?„ := 1b„. □ 

In the product situation of Zj = Zj^ x Z/^, we will be taking a well-rounded 
sequences of Zj which are products of a fixed compact subset in one factor Z/^ 
and a well-rounded sequence of subsets in the other factor Z/^. This will give us 
equidistribution results in the space Z/^ when Z/^, is non-compact. 
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Corollary 8.2. Keeping the same hypothesis as in Theorem \8.1[ let I = IqU Ii 
be a partition of I. Letting Bn he a well-rounded sequence of subsets of Zj^ with 
volume going to infinity, consider the following discrete multisets Z{n) of Zj^^: 

Z{n) := {z G Zj^ \ {z, z') G ZqT fl (Z/,, x Bn) for some z! G Zj^. 

Then, as n ^ oo, the sets Z{n) become equidistributed in Zj^ with respect to a 
suitably normalized invariant measure. In fact, for any ip G CdZj^), 



Ziq- 



zeZ{n) " ^-fo 

In particular, Z{n) is non-empty for all large n. 

Multiset means that the points of Z{n) are counted with multiphcity according 
to the cardinality of the fibers of the projection zqV fl (Z/^ x Bn) Z{n). Since 
ZqT is discrete and Bn is relatively compact, we note that these fibers are finite 
and that Z{n) is discrete in Zi^. 

Proof. It suffices to prove the claim for non-negative functions G Cc(Z/,)). 
Define a sequence of functions ipn on Z by 

^n{z,z') := {^®1b„){z,z') = ip{z)lB„iz') for {z,z') G Z/,, x Zj^. 



By Example I7.H this sequence cpn is well-rounded and 

2GZ(n) zGzqT 

since Z{n) is a multiset. 

By Corollary 14.61 we can apply Proposition 16.21 to the sequence and obtain 



zeZ{n) zSzoT ^'O 



Remark 8.3. In Propositions 15.31 and 16.21 one can replace the hypothesis "the 
L^-norm of (fn goes to infinity" by the hypothesis that "the support of <^n is 
non-empty and goes to infinity" i.e. for every compact C of Z, ifn\c is null for 
all n large. The proof is exactly the same. A similar remark applies to Theorem 
II. H 18.11 and Corollary 18.21 This remark is useful for the non-empty spheres in 
Example 17.41 since it avoids to check that their volume goes to infinity with the 
radius. 



Proof of Theorems \1.4i \l-8\ and Corollary We are now ready to prove 



the non-effective statements in the introduction. 

Theorem 1 1.1 1 is a consequence of Theorem 18. II with I = S , Gs = Gs, Hg = H5 
and r = r^. The only thing we have to check is that is an irreducible lattice 
in Gs- This is the following classical lemma EH 
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Theorem 11.41 is a consequence of Corollary 18.21 with I = S and Iq = Sq. Note 
that the projection zqT — > Zj^ is injective and hence the multiset Z{n) is a set. 
Theorem 11.81 is an immediate consequence of Corollary 14. 6[ 
Corollary 11.21 is a consequence of Theorem 11.11 and Proposition 17. Ill □ 

Let G be a connected semisimple group defined over a global field K, and let 
S* be a finite set of places of K containing all archimedean places v such that G„ 
is non-compact. Recall that these conditions assure that the subgroup G^g is a 
lattice in G5 := H^gs 

Lemma 8.4. Let Ts be a subgroup of finite index in Gos- Suppose that G is 
simply connected, almost K-simple and that Gs is non-compact. Then T s is an 
irreducible lattice in Gs (see Definition \2.3\} . 

Proof. Since G is simply connected and G5 is non-compact, then G has the strong 
approximation property with respect to S, that is, the diagonal embedding of G^^- 
is dense in the S-adeles Ga^, i.e., the adeles without ^-component (see Th. 
7.12] for characteristic cases and [H] for the positive characteristic case). Since 
G is i^-simple, it follows that Ts is an irreducible lattice in Gs |35l Cor. 1.2.3.2 
& Th. n.6.8]. □ 

For the rest of this paper, we will transform the proofs explained in 
the above chapters into effective proofs. For that we need to control 
precisely all the error terms appearing in these proofs. There are 
mainly four error terms to control. The first three come from the 
mixing property, the wave front property and the approximation of 
/iy by a smooth function. Their control will give the equidistribu- 
tion speed of the translates of fiy The last error term comes from 
the well roundedness of the balls B^. We will dedicate one section 
to each of these terms. 

9. Effective mixing 

In this section, we introduce notations which will be used through the section 
[m and we describe an effective version (Theorem 19. 2p of the mixing property 
based on the uniform decay of matrix coefficients. 

We let be a number field, G a connected simply connected almost i^'-simple 
group and H a i^-subgroup of G with no non-trivial i^-character. Let S be 
a finite set of places of K containing all the infinite places v such that G„ is 
non-compact. We write 6*00 and Sf for the sets of infinite and finite places in S 
respectively. We assume that Gs '■= Ylves is non-compact. Let F^ be a finite 
index subgroup of G{Os)- Note that fl F^ is a lattice in H^. 
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Set Xs := r5\Gs and Ys = r5nH5\H5. Let fixs I^Ys denote the invariant 
probability measures on Xs and Ys respectively. Set Zs ■= H5\Gs. For each 
V & S, choose an invariant measure fiZv on Ht,\Gt, so that the invariant measure 
f^Zs •= Ylv&s f^Zv on Zs satisfies = I^YsI^Zs locally. For 5*0 C S, we set 

By a smooth function on Xs we mean a function which is smooth on each 
Goo-orbit and which is invariant under a compact open subgroup of G/. The 
notation C^(r5'\Gs') denotes the set of smooth functions with compact support 
on Gs- 

For each v & S, recall the "Cartan" decomposition due to Bruhat and Tits in 
[5] and [6]: one has G^ = MuQ^S+M^, where is a good maximal compact 
subgroup, a positive Weyl chamber of a maximal i^i,-split torus and is a 
finite subset in the centralizer of By. 



For simplicity, we set Gc 



Gs^ and G 



/ 



G 



U.es^ and Mf 



U.esMy. 



Sf 



We also set 



Let Xi, ■ • ■ , Xd be an orthonormal basis of the Lie algebra of Moo with respect 
to an Ad-invariant scalar product. We denote by V the elliptic operator V : = 

Fix any closed embedding of Z = H\G into a finite dimensional vector space 
V defined over K; such an embedding always exists by the well known theorem 
of Chevalley. To measure how far an element z E Zs is from the base point 
zq = [Us] in Zs '■= H5'\Gs', we may use a height function 



(9.1) 



H, 



-Az) ■= n 



v€S 



where || ■ ||^ is a norm on V^. This norm is assumed to be euclidean when v is 
an infinite place and a max norm when f is a finite place. Note that the height 
function H5 : Zs — >■ M"*" is a proper function. 

Theorem 9.2. There exists k > and m G N such that for any open com- 
pact subgroup Uf of Gf, there exists > satisfying that for any ipi,ip2 G 



C^iXsff and anygeGs, 
(#1,^2)- / ^idfixs / 'ip2dfixs 



Xs 



Xs 



<Cu,}ls{zog)-4V"^{^i)\\L4'I^"'{^2)\\L^. 



Proof. The above claim is a straightforward consequence of Theorem 2.20 of [22] 
based on the results of |7j and |39]. [221 Theorem 2.20] relies on the following 
hypothesis: "the only character appearing in L'^{rs\Gs) is the trivial one". This 
hypothesis is satisfied here since the non compactness of Gs' and the simply- 
connectedness of G imply the irreducibility of by Lemma 18.41 

The conclusion of [22^ Theorem 2.20] is the above claim where H_^'* is replaced 
by a function which is a product over v & S of bi-Mi^-invariant functions ^'^ 
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satisfying 

< n "(«)~^^^^^ for all aeB+ 
aeQv 

where is a maximal strongly orthogonal system of the root system of (G^, S^) 
We only have to check that this function is bounded by a multiple of H^'^. 
For that, denote by p the representation of G into GL(V) such that the stabihzer 
of Zq G Yk is H and choose a weight A larger on than any weight of p. Then 
there exists a positive integer k such that, for all a e B^, 

\\zop{a)\\y < \\zo\\^ \\p{a)\\v < \\zo\\v |A(a)|„ < \\zo\\y aiaf. 

aeQv 

Since My and fly are compact subsets, by the continuity, this implies that there 
exists K, > and c > such that 

Cig) < c\\zop(g)\\-^ 
for all g E Gv This imphes our claim. □ 

10. Injective radius and the approximation by smooth functions 

The aim of this section is to get an effective upper bound on the volume of 
the set of points in Ys with small injectivity radius in Xs and approximate the 
characteristic function 

Fix a closed embedding G ^ GLjv. We may consider each element g of Gs 
as an l^j-tuples of N x N matrices g^. We also fix a norm ||.||^ on each of these 
X^-vector spaces of matrices. 

For X G Xs, consider the projection map Px : Gs — > Xs given hy g ^ xg. The 
injectivity radius r-^ is defined to be 

rx = sup{r > : PxlsrxMf is injective} 

where Br — {g & Goo '■ max \\gy — e||^ < r }. 

Of course, this definition makes sense only when 5*00 is non-empty. This does 
not matter since, when jS'oo is empty, Xs is compact. 

Lemma 10.1. Suppose Soo 7^ 0- For any x G Xs, one has rx > 0. 

Proof. Since Ts does not meet G/ and G/ is normal in G5, the group G/ acts 
freely on Xs- Hence Pz\{e}xMf is injective. Since Mf is compact and p^ is locally 
injective, PxlsrxMf is still injective for some small r > 0. □ 

Moreover we have a quantitative version of the above lemma. 

Lemma 10.2. Suppose S^o 7^ 0- There exist Ci > 0, pi > such that for all 
sufficiently small £ > 0, /iyg({y & Ys \ ry < e}) < Cie^^. 
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Proof. We use the reduction theory for Hg (cf. [42j). We first recall what a 
Siegel set is. Let A be a maximal i^'-split torus of H and P a minimal parabolic 
subgroup containing A. Then P = NRA where R is a Q-anisotropic reductive 
subgroup and N the unipotent radical of P. Set Aoo := HtjeSoo "^(-^f) simi- 
larly Noo and Roo- Denoting by A the system of simple roots of Hqo determined 
by the choice of P, we set for t > 0, 

At = {a ^ Aoo '■ > t for all a G A}. 

Then for a compact subset u C NqoRoo and a maximal compact subgroup Kq of 
H5, the set St := ojAiKq is called a Siegel set. Now the reduction theory says 
that there exist hi, - ■ ■ ,hr G H5, and a Siegel set = ojAi^Kq such that 

Yls = ^U(^sr\Ts)h{Lt^. 

Let Mj := VJl^-^hiM fh^^ . As in Lemma [10.11 there exists > such that 

(10.3) Vsf^B,,M'f = {e}. 

Set 

Ce := U'[^ihi{wak G Sq : to < Oi{a) < 6'"^° for each a G A }, 

where tq > is chosen independent of so that, for all g in and v G ^oo, one 
has 

hvWv < and \g~^\v < ■ 

Let Yl denote the image of Ce in Ys under the projection H5 — > Ys- The 
integration formula p. 213] shows that for some constant ci > and pi > 0, 

liy,{Ys-Y'^<cie^\ 

Hence it is enough to show that for all z G Y'^, one has > e. Suppose ^2(3^) = 
Vziy) with X,?/ G B^Mf and write z = Y sg for some G C^- We want to prove 
that X = y. 

The element 7 := gxy^^g^^ belongs to Ts- Moreover, for some fixed constant 
c > 1, one has, for all v G Soo, 

II7 - = ||5'i>(2;^; - yv)yy^g:^^\\v 

^ CB ^ II 1 1 J, II 1 1 y 

But the finite component of 7 is in Mj-, hence, 7 is in B^2e^/2 x M/ and one gets 
from (110.31) that, for e < c'^e^, one has 7 = e. Therefore x = y as well. □ 

For all f G S", we choose a small neighborhood of in a supplementary 
subspace of the Lie algebra P)^ in 0^ and set s := rii.es^''- '^^^ ^ exp(s) 
is then a transversal to H5 in G5. We set fiw the measure on such that 
dfixs = dfiYsdf^w locally. 
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Recall that denotes the ball of center e and radius £ in Goo and let Ue be 
the ball of center e and radius e in G/: 

(10.4) = {g e Goc \ m.ax\\g - e\\^ < e}, 

(10.5) Ue = {(? G G/ I max ll^f — e||t, < £:}. 

s£Sf 

We fix ^0 > small. For e small we let 

H, := Us n B.Ueo and We := W H B,Ue, 

so that the multiplication x —>■ HeWe is an homeomorphism onto a neigh- 
borhood of e. Fix m > dim Goo and k > satisfying Theorem 19.21 and fix / e N 
as in Lemma 111.31 We can assume that Uisq C f// fl Mf and let Uj be an open 
subgroup of G/ such that Ug^JJ'j = Ue^. 

Lemma 10.6. Let := G I5 | the map g yg is injective on HeWg}. 
There exist ci > and pi > such that for all small e > 0, 

fiYs{Ys-Ye)<cieP\ 

Proof. When Soo 7^ 0, since B^B^ C B^i/i for e small, the set contains the set 
of points y such that > e^^"^. Just apply then Lemma [10.21 

When 5*00 = 0, Xs is compact, hence Y^ is equal to Ys for Eq and e small. □ 

The following proposition provides the approximation of the characteristic 
function ly^w by a smooth function ip^ with the controlled Sobolev norm. 

We first recall the Sobolev norm Smii^) of a function ip G C^{Xs)- Choose 
a basis Xi, ...,Xn of the Lie algebra of Goo- For each fc-tuple of integers a : = 
(oi, Ofc) with 1 < ai < n, the product Xa := Xa-^ . . . Xa^ defines a left-invariant 
differential operator on G5, hence a differential operator on Xs- By definition 
<Sm{4'y = J2a ll^a'^lliz whcrc the sum is over all the fc-tuples a with < A; < m 
and where X^ip stands for ip. 

Proposition 10.7. There exist p2 > such that, for all sufficiently small e, one 
can choose 

- a non-negative smooth function on W with support in We such that pe = 1, 

- a non-negative smooth function on Ys with support in Ye such that Te < 1 on 
Ys and r^jy^^ = 1. 

- Moreover, let ipe be the function on Xs defined by 

{{'y,w)£YsXWe\yw=x} 

The choices can be made so that (fe is U'j-invariant and Sm{fe) ^ e^^^ . 

We remark that the sum defining (fe is a finite sum and hence (fe is well defined. 
To prove Proposition 110.71 we first need a lemma which constructs some test 
functions near e. 



28 



YVES BENOIST AND HEE OH 



Lemma 10.8. For a given m > 0, there exists p G N, such that, for all sufficiently 
small 6 > 0, one can choose smooth non-negative functions (3^ on and smooth 
non-negative functions on satisfying the following: 

- one has (3^ > 1 on H^2. 

- one has /^^ Pedpw = 1 

- if denotes the smooth function on H^W^ given by a^ihw) = Pe{h)p^{w) , then 

is U'j-invariant and Sm{(^e) ^ ■ 

Proof. The general case reduces to the case oi S = S^c, by considering tensor 
products with characteristic functions of fl H and of f/ep fl W. Hence, we can 
assume that 5* = Soo so that Gs is a real Lie group. Set d = dim W. Fix some 
smooth non-negative functions /3 on f) := (Bves^v p on 5 with support in a 
sufficiently small neighborhood of such that /5(0) > 1 and JqP = 1- Then, for 
suitable constants > converging to 1, the functions given by 

PeiexpiX)) = P{X/e) and Pe{exp{Y)) = CeS-" piY / e) , 

for X (resp. Y) in a fixed compact neighborhood of in [) (resp. 5), satisfy the 
properties listed above. □ 



Proof of Proposition \10-1/\ We choose the function p^ from Lemma 110.81 To 



construct the function r^, consider a maximal family Qfr of points y gY^ such that 
the subsets yHgri of I5 are disjoint and meet Y2e and let J^e C Qe the subfamily 
for which yH^s meets 14^. For all y & Qe the volumes pYsiyHe^) are equal and of 
order e^'^ with d = dim(Hoo). Since pysO^s) = 1; the cardinality of is at most 
0(e-3'^). 

For y E Qe we define a test function Py^^ on I5 with support on yHs by 
f3y,e{yh) = (3e{h) and let (3g^e ■= JZyeGe^^y^^- ^^'^^'^ B^aB^a C B^2, the sets yH^2, 
y eGe, cover Y2e. Hence (3g^s > 1 on F2e- 

For each y & Te, consider the test function r^^e on Y5 with support in given 
by Ty^e ■= Py,e/(3g,£ ou Y2e and set 

Note that < < 1 on Y5, TsIy^e = 1 and Telyg-y^ = 0. For y G J-'e, we also 
define the test function (py^^ on Xs with support on yH^We given by 

^vAv^'^) ■= '^yAy^)Peiw) = aeihw)/f3gAyh). 

These functions ^ are well-defined since y belongs to the set Y^ given by Lemma 
I1U.6I By construction, we have 

"Pe = Y.yer, fy^e ■ 
It follows from Smic^e) < that there exists po > such that 
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and hence Smi^e) = 0{£-''^'^-p^). □ 
11. Effective equidistribution of translates of Hs-orbits 

The goal of this section is to prove Theorem 1 1.9 1 or its stronger version Theorem 
II 1.51 below. This is an effective version of Proposition 14. II on the equidistribution 
of translates of H5-orbits in X5. 



Definition 11.1. We say that the translates YsQ are effectively equidistributed 
in Xs as g ^ 00 in Zs if there exists m G N and r > such that, for any 
compact open subgroup Uf of Gf and any compact subset C of Xs, there exists 
c = c{Uf,C) > satisfying that for any smooth function ip G C^{Xs)^f with 
support in C , one has for all g G G5 

(11.2) 1/ i){yg) diiYsiy) - I d^ixgl < cSmii^) ^siz^gy . 
Jys Jxs 

Assume further that H is a symmetric -ft"-subgroup of G. Taking the product 
of the polar decompositions = HjjA^K^ given in Lemma 13.31 over f G S", we 
obtain a polar decomposition of the shape 

G5 = HsAsKs and we set Fs := AsKs- 

The following effective version of the wavefront property 13. II is a main technical 
reason why our proof of Theorem 111.51 works for H a symmetric subgroup. 

Lemma 11.3. There exists I G N such that for all small e,e' > and all g G Fs, 

(11.4) IlsB,/iU,>/igCllsgB,U,> . 

Proof. We only have to check this separately at each place v. This statement 
is then a strengthening of Proposition 13.21 on the wavefront property and is an 
output of the proof of this Proposition. □ 

Theorem 11.5. If H is a symmetric K-subgroup ofG, then the translates Ysg 
are effectively equidistributed in Xs as g ^ 00 in Zs- 

Proof. Since G^ = H5F5, it suffices to prove the above claim for g E Fs- We 
may also assume that J^^ ipdfixs ~ want to bound |/g — 1| where 

■= / '^iy9)df^Ysiy)- 

Jys 

We follow the proof of Proposition 14. 1[ The main modification will be to replace 
the characteristic function Iy^w by the test function ip^ constructed in Proposition 
110.71 By the same argument as in section IH but using the stronger version 111.31 
of the wavefront lemma, we have that for all small e > and for any w G W,. 

(11.6) '^{ywg)dnYs{,y)\<leC^. 

Jys 
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Here is the Lipschitz constant at oo, i.e. the smallest constant such that for 
all e > 0, \iIj{xu) — 'ip{x)\ < C^e for all x G Xs and u G B^. 

Set Te, Pe and the functions constructed in Proposition 110.71 and 



'^9,e ■= I / i^{yW9)pe{w)dfiYs{y)dfIw{w) 

w, Jys 



By integrating flll.Gp against pe, we obtain 



Set also 



ij{ywg)Ts{y)pe{w)dfiYs{y) dfiw{w) 



We JYs 



Noting that T£(y) = 1 for ?/ G ¥4^^, we have for some Ci,pi > 



17 — K I 



i^{ywg){l - T^{y))pe{w)dfiYs{y) dpw{w) 



We JYs 



J We 



< CiE 



Pi 



Note that Kg^e = {g.ip, ipe). Since ipe and ip are ?7j.-invariant, by Theorem 19.21 and 
Proposition 110.71 . we deduce for some c',C2,P2 > 

\Kg,,- [ ip.dftxsl < c'||P™(^)|U2||P™(<^,)|U2H5(zo^7)-" 

JXs 

< C2e-P^\\V^mL^}isizog)-^. 



Moreover, one has 



JXs JYs 



< fJ,Yg{Y-Y4^) < Ci6 



pi 



Since C is compact, the C^-norm of a f/^-invariant function ip supported on 
C is bounded above by a uniform multiple of a suitable Sobolev norm as in [21 
Theorem 2.20] i.e., one has an inequality 



max 
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with c" = c"{Uf, C) > independent of ip- Hence, putting all these upper bounds 
together and using the inequality 1 < ||^/'||oo5 we get 

\Ig - 1| < \Ig - Jg,e\ + \ Jg,e " + " / V^el + I / V^e " 1 1 

Note in the above that the positive constants c[,pi, i = 1,2, are independent of 
Now by taking e = Hsi^Qg) "''I'p^ with r = ^^^^ , we obtain as required 

This concludes the proof. □ 
Remarks 

(1) One could also, as an output of our proof, compute explicitly m and r 
and describe how the constant c depends on the compact sets Uf and C. 

(2) Note that the above theorem 111.51 is precisely the effective version of 
Proposition 14. H since we have shown that the effective mixing theorem 
19.21 together with the effective wave front lemma 111.31 imply the effective 
equidistribution of Ysg. 

12. Effective counting and equidistribution 

The following definition is an effective version of Definition 16. 1[ Recall that 
= B{e,e) is the ball of center e and radius e in Goo (110. 4p and that Hg is a 
height function on Zs as defined in (19. ip . 

Definition 12.1. A sequence of subsets Bn in Zs is said to be effectively well- 
rounded if 

(1) it is invariant under a compact open subgroup ofGf, 

(2) there exists n > such that, uniformly for all n > 1 and all e g]0, 1[, 

where B+^ = B^B^ and = HueB^BnU, 

(3) for any k > 0, there exists 6 > such that, uniformly for all n ^ 1 and 
all e g]0, 1[, one has 

I Y{-\z)d^iZs{z)=0{fiZs{BnY-'). 
If 5*00 is empty, then the assumption (2) is void. 

A subset f2 of Zs is said to be effectively well-rounded if the constant sequence 
Bn = f2 is effectively well-rounded. This means that Vt is of non-empty interior 
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and that the volume ^Zsi^e^) of the e- neighborhood of the boundary of is a 
0{e'^) for e smaU. For instance, a compact subset of Zs^ with piecewise smooth 
(or even piecewise C^) boundary is effectively well-rounded in Zs^- 

Theorem 12.2. Suppose that the translates Ysg become effectively equidistrihuted 
in Xs as g GO in Zs- Then for any effectively well-rounded sequence of subsets 
Bn in Zs such that vol(-B„) oo there exists a constant > such that 

i^z,Ts n 5„ = vol(5„)(l + 0(vol(5„)-''"))- 

Proof. Set Vs H '■= '^s H H5. As in sections [5] and O we define a function F„ on 
Xs = r5\Gs'by 

Fn{xQg) = ^ lB„izo'yg) , ior g e Gs 
For instance, one has 

Let m and r be the integers given by Theorem 111.51 and f// a compact open 
subgroup of Gf. By Lemma I10.8[ there exists p > 0, a smooth [/^-invariant 
function on Gs, supported on B^Uj such that J^^ «e = 1 and Smia^) < e~^. 
Here we take e and Uj small enough so that BirUf injects to Xs, and hence we 
may consider as a function on Xs- 

We also introduce the functions on Xs'. 

FnA^og)= Yl 1b±.(^o7c/) ,for^GGs. 



Then 
and hence 
Note that 



Fn,e{xog) < Fn{xo) < F+^{xog) for allg eB.xUj 
{Fn,e,^e)= (/ ae{yg)dfXYs{y) ] dfxzsizog) ■ 

JBte \JYs J 



'Ys 

Set Vn '■= vol(i?„) and v^^ := vol(i?^^). Then by Theorem 111.51 and the 
assumptions (2) and (3) of the definition ll2.lt there exist positive constants k, S 
and Cj such that for all n ^ 1 and small e > 0, 



\{Fn,s,ae) -Vn\< 



aeiyg) - i)dnYs{y) 

Ys 



dflZsizog) + {Vn.s-'^n.e 



<cie ^vl '^ + C2£X. 
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Setting 60 ■= and choosing e = Vn we get F„(xo) = f„(l + 0(i;„''°)). □ 

Corollary 12.3. Let S = SqU Si be a partition of S. There exist 6q,c> such 
that for any effectively well-rounded sequence of subsets Bn in Zs^ whose volumes 
Vn '■= fJ'Zsj^iBn) tend to 00 and for any compact effectively well-rounded subset fl 
of , we have 

i^zoTs n{Qx 5„) = vnfizs^m (1 + 0{v-'^^)) . 

Proof. To apply Theorem 112.21 we only have to check that the sequence An := 
Q X Bn of subsets of Zs is effectively well-rounded, which is straightforward. □ 

13. Effective well-roundedness 

In this section, we give explicit examples of effectively well-rounded families 
(see Definition 112. ip . 

We keep the notations for K, S, G, H, Z, Hsi^) = Ylves W^Wv ^tc, from the 
beginning of section [91 

We also set for T > 0, 

(13.1) By{T) := {z e Zy I ll^ll^ < T} and Sy{T) := {z e Z^ \ \\z\l = T}. 

Proposition 13.2. (1) Fix a subset Sq G S containing Soo- For an \S\-tuple 
m = {m^) of positive numbers, define 

Z{m) := Y\ B^{m^) x J]^ S^{m^). 

veSo ves\So 

Then the family of sets Z{m), rriy ^ 1, provided non-empty, is effectively 
well-rounded. 

(2) The family of height balls Bt = {z E Zs : ^s{.z) < T} is effectively 
well-rounded. 

Proof. The proof relies heavily on the appendix [161 For (1), we may assume that 
S contains only one place v. When v is infinite, the condition 112.11 ([2]) is Lemma 
[7:81 (2) and [TO ([3]) is Corollary [TOl c. When v is finite, the condition [HH 
is empty and the condition 112.11 (|3]) is Corollary 116.71 b. 

For (2),[I2H(I2D is Lemma[7S](4), and [TO ([5D is a combination of the following 
lemma [13.31 with the facts that, on one hand one has Bt^e C B^t for some fixed 
A; > and, on the other hand, one has VkT = 0{Vt) again by Lemma [7.81 (4). □ 

Lemma 13.3. Let Bt = {z e Zs : Hsiz) < T} and Vr := I^Zs^Bt). Then, for 
any k > 0, there exists 6 > such that 

j ^s{zr'd^lzs{z) = o{v^-'). 
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Proof. We may assume that, for all v in S and z in Zy, one has \\z\\y > 1. Set 
bT = {z e Zs^ : B.s^{z) < T} and vt = fizs^ (&t)- 

We first claim that there exists 6 > and C > such that for any T > 0, 

(13.4) [ llsLdf^Zs^<Cv}f'. 

Set ut to be the left hand side of the above inequality. For T large, by Lemma 
17.81 (1) one has vt = 0{T''^°) for some mo > 0, hence the derivative = T~^v'rp 
satisfies u'j, = 0{v^''^"^°v'j.) and, integrating, one gets ut = 0(f^~'^^'""). For 
T bounded, since Hsoo is bounded below, one gets ut = 0{vt)- Putting this 
together, one gets (113. 4p . 

Now, for any tuple m = (m„) G N^f , set S'(m) := n'S'j;("^»;) C Zsj where 
Sy{my) := {z e Zy : \\z\\y = rriy}. 

Also set TCm '■= Ylv ^ ^ ^"m- ~ /^^Sj i^i^))- 

Then we have, where the following sums are taken over the tuples m G N'^^ for 
which S'(m) is non empty, 

(E 

with positive constants C and 6 given by (113. 4p and Corollary 116.71 b. □ 

14. Effective applications 

In this section, assuming i^' is a number field and H is a symmetric i^-subgroup, 
we give proofs of effective versions of our main theorems listed in the introduction, 
keeping the notations therein. 

Corollary 14.1. Assume that Zog 7^ 0- Then for any finite v E S , there exists 
6 > such that for any effectively well-rounded subset Q C Zs~{v}, 

eZo.nQ: \\z\U = T} = w\{Q X s,iT)) (1 + 0(r-^)) 

as T 00 subject to Sy(T) 7^ 0. 

Recall that the normalized volume vol has been defined in (II. 5p . This corollary 
is an equidistribution statement since one has 
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with a constant C independent of n and f2. 



Proof of Corollary 14-1 The same claim with the error term 0(T~^) replaced by 
0{{fiZy{Sv{T))~^) follows immediately from Theorems 111.51 IT22\ and Proposition 
113.21 Now by Corollary 116.71 c. we have a constant a > such that for T large 
and S,{T) ^ 0, 

fizJS^{T))-' = 0{T-^/'). 
This proves the claim. □ 

For z G Vq, the condition ||2;||p < is equivalent to z G ^^"V^. Hence we 
obtain: 

Corollary 14.2. Assume K = Q and fix a prime p such that Zp is non compact 
and Zz[p'i] is non empty. Then there exists 6 > such that, for any non-empty 
compact subset Q G with piecewise smooth boundary, 

i^nn p-"Vz = TOi(fi X Bp{p^)) (1 + o(p-^")) 

as n ^ oo, where Bp{p"-) is defined in (113.11) . 

Note again that vol(fi x Bp{p'^)) = C jjzj,^) ^■zJ^Bp{p"-)) for some C* > inde- 
pendent of n and VL. 

Proof of Theorems \1.3\ and \1. ?| Letting vt '■= vo\{Bs{T)), Theorem 11.31 with 
0{T^^) replaced by 0{v^^) immediately follows from Theorems 111.51 and 112.21 
and Proposition ll3.2[ To obtain the given error term, note that at least one of the 
factors Zy^ is non-compact. Fix Rq > 1 such that the volume of Bs\{vo}{Ro) = 
{z G Zs-vo '■ ^s\{vo}{^) ^ -Ro} is positive. Since Bs{T) contains the prod- 
uct {TRq^)Bs\{vo} (Rq) , we have = 0( /iz„o (^1,0(^^0 ^))~^)- By Corollary 
116. 3[ d for vq archimedean and Corollary 116.71 c for vq non-archimedean, we have 
a constant a > satisfying 

f^zjB^AT))-' = 0{T-'^/'). 

This proves the claim. The same proof works for Theorem 11.71 applying Corollary 
M3\ in place of Theorem [1221 □ 

Proof of Corollary \1.1(A All three cases fit in our setting as in the introduction. 

For (A), if / has signature (r, s), Vi(]R) can be identified with Spin(r — 
1, s)\ Spin(r, s) where the Spin(r, s)-action on W^'^ is given through the pro- 
jection Spin(r, s) SO(r, s). 

For (B): we have the action of G = SL„ on V by {g, v) ^— g^vg. And Vi(M) is 
a finite disjoint union of SO(r, s) \ SL„(]R) for r + s = n, each of them being the 
variety consisting of symmetric matrices of signature (r, s). 

For (C), we have Vi(M) = Sp2„(M)\ SL2„(M) with the action {g,v) ^ g^vg. 
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Note for (A), if n = 3, = Spm(l, 1) may arise and the additional assumption 
that / does not represent over Q imphes that H does not allow any non-trivial 
Q-character. In all other cases, H is semisimple and hence has no character. 

Now we give a uniform proof assuming that S = {oo,p} for the sake of sim- 
plicity. It is easy to generalize the argument for a general S. Also note that this 
proof works equally well for any homogeneous integral polynomial / whose level 
set can be identified with a symmetric variety in our set-up. 

Let d = degf. For each < j < li — 1, consider the radial projection Hj : 
Vpkd+j —y Vpj given hj x ^ p~^x. Then since the degree of / is d and the radial 
projection is bijective, 

#fin7r(Vp.d+.(Z)P™) = #{^G Vp,(z[p-i])ni],- : |k||p = /} 

where fi^ := p'^'^Q C V^,. Since \pj{Z[p ^]) is a finite union of G{Z[p ^])-orbits, 
we obtain by Corollary 112.31 with 5*0 = {c>o} and Si = {p} 

# n 7r(Vp..+.(Z)P™) ~ ujpkd+, vol(fi)(l + 0{uj-^,^,)) 

where Upkd+j = G Vpj(Qp) : ||a;||p = p^}). Note that, by Remark [H31 i^m go 
to infinity with m when it is non zero. □ 

Proof of Corollary \1.11\ As before, we assume S = {oo,p} for simplicity. We 
use the same notation as in the above proof. Then for each fixed < j < — 1, 
f{x) = p^'^^i is equivalent to f{p^^x) = p^ and, if z = p~^x with x G V(Z)p'''™, 
one has ||2;||oo \\z\\p = ||a^||oo- Therefore 

Nj^T ■■= 4^{x G V(Z)P"'^ : ||a;||oo < T, f{x) = p^'^+^ for some integer A; > 0} 
= #{z G Vp,(Z[p^i]) : \\z\\^ \\z\\p < T}. 

By Theorem 11.31 one has Nj^t = Vj^ri^ + O(fjf')) where 

Vj^T = vol{{{z^,Zp) G Vp,(M) X Vp,(Qp) 

• ll^oolloo II lip ^ -^})' 

Since G V(Z)p"- : ||x||oo < T, /(x) G = J^- N,^t, and Vt = %t, 
this proves the claim. □ 

15. More examples 

Here are a few concrete examples of applications of Theorem 11.41 to emphasize 
the meaning of our results. For each of them, we have selected a specific global 
field K with sets Sq, Si (most often K = Q, So = {vq} and Si = {fi}) and 
we have selected a classical symmetric space Z defined over K. We look at the 
repartition of ^'-integral points z in Zy^ when imposing conditions on the wi-norm 
of z. 
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Symmetric matrices with two real places. This example is very classical. 
Let r be the non trivial automorphism of the real quadratic field K := Q[\/2] 
and set, for d > 2, 

Z{oo} := {M G M^(M) positive definite symmetric matrix of determinant 1} 
and 

Zn := {M e Z{^} n Mrf(z[v^]) I Y.^,J < • 

Lemma 15.1. As n —>■ oo, these discrete sets Zn become equidistrihuted in the 
non-compact Riemannian symmetric space Z^oo}- 

Proof. Let vq and vi be the two infinite places of i^' : for X E K, |A|t,„ = |A| and 
\Mvi = ^(A)!- Apply Theorem 11.41 to 

(15.1) K = Q[V2] , ^0 = {vo} , ^1 = {vi} , Z = SL^SO, , 

and to the group G = SL^^ which acts by M — > gM^g on the vector space V of 
symmetric d x d-matrices, with Z ~ {M e V | det(M) = 1 } as a G-orbit. 
Note that the group SL((i, M) acts transitively on Z^oo}- D 

Orthogonal projections with one real and one finite place. This example 
is also quite classical. Let p be a prime number, d = rfi + c/2 > 3, 

:= {tt e Md(]R) TT^ =* TT = TT and tr(7r) = di} 

the Grassmannian of W^, and 

Z„:= {7rGZ|oo}|p"vrGMrf(Z)}. 

Lemma 15.2. As n 00, these discrete sets Z„ become equidistributed in the 
compact Riemannian symmetric space Z^ao} ■ 

Proof. Apply Theorem 11.41 and Remark 18.31 with 

(15.2) K = Q, So = {00}, S, = {p}, Z = 0,/Orf, x O,, , 

and to the group G = Spin^^ which acts, by conjugation via SO^, on the vector 
space V of d X (i-matrices, with Z ~ {vr G V | vr^ =* vr = vr and tr(7r) = di} as 
a G-orbit. 

Note that the group Spin(c/, M) acts transitively on Z^^o}- D 

Complex structures with one finite and one real place. In this example, 
one chooses a prime number p and set, for d > 1, 

:= {J G M2d(Qp) I J2 = -Id and tr{J) = } 

and 

Zn:={JeZ{,}nMUn^) I E^,,Jl,<R'}■ 

Lemma 15.3. As R 00, these discrete sets Z^ become equidistributed in the 
p-adic symmetric space Z^pj. 
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Proof. Apply Theorem 11.41 to 

(15.3) K = Q, So = {p}, 5i = {oo}, Z = GL2d/GLrf X GLrf , 

and to the group G = SL2d which acts by conjugation on the vector space V of 
2d X 2(i-matrices, with Z ~ { J G V | = —Id and tr{J) = } as a G-orbit. 
Note that the group SL(2ci, Qp) acts transitively on ^{p}. □ 

Antisymmetric matrices with two finite places in characteristic zero. 

In this example, one chooses two distinct prime numbers p and £, and set, for 
d > 1, n > 0, and R> d, 

Z^p} := {A e M2diQp) \A = -'A and det(A) = 1 } 

and 

:= {A e Z|p} I E^,,4, < R and G M,,{Z[^)} . 

Lemma 15.4. As n + R ^ oo, these discrete sets Z^^r become equidistributed in 
the p-adic symmetric space Z^p^. 

Proof. Apply Theorem 11.41 and Remark 18.31 with 

(15.4) K = Q, 5o = M, 5i = {oo,£}, Z = S^Sp, , 

and to the group G = SL2d which acts hj g ^ gA^g on the vector space V of 
antisymmetric 2d x 2(i-matrices, with Z ~ {A G V | det(74) = 1 } as a G-orbit. 
Note that the group SL2d(Qp) acts transitively on Z^p^. □ 

Quadrics with two places in positive characteristic. In this example, p is 
an odd prime, and one set, for > 3, 

Z^o}:={Pe¥p{it)r I P^ + ... + P^ = l} 
and, for ni > n2 > . . . > Ud > 0, 

Zn„...,n, ■■= {P e Z{o}n¥p[t,t-^Y I deg(P,) = V^ } , 
where deg(^aif) := max{i | Oj 7^ 0}. 

Lemma 15.5. If ni = n2 = goes to infinity or if p = 1 mod 4 and ni = n2 

goes to infinity, these discrete sets Zn become equidistributed in the sphere Z^^y. 

Proof. Let and 00 be the two (finite) places of the field Fp(t) associated to the 
two points and 00 of P^(Fp). Apply Theorem 11.41 and Remark 18.31 with 

(15.5) K = ¥p{t), 5o = {0}, S^ = {oo}, Z = SO,/SOd_i , 

and to the group G = Spin^ which acts naturally, via SO^, on the d-dimensional 
vector space V, with the sphere Z ~ {f G V | f ^ + . . . f J = 1 } as a G-orbit. 

The corresponding two completions are the fields of Laurent series Kq = ¥p{{t)) 
and Koo = ¥p{(t~^)), and the ring of S'-integers is Os = ¥p[t,t~^]. Set 

Z{^} := {P G ¥piit-')r I p2 + . . . + p2 ^ 1 } , 
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note that the well-rounded subset 

Bni,...,na ■= {P ^ ^{00} | deg(Pj) = Ui Vz } 

is non-empty if and only if rii = n2 = ris ot p = 1 mod 4 and ni = n2. 

Note also that the group Spin((i, Fp((t))) acts transitively on ^{o}- D 

Other examples. The reader may construct easily many similar examples 
choosing other triples {K,S,Z). For instance, "Quadrics with three infinite 
places", "Lagrangian decompositions with two infinite and three finite place", 
"Hermitian matrices with four places in positive characteristic", and so on.... 

16. Appendix: Volume of balls 

In this appendix we prove precise estimates for the volume of balls which are 
needed in sections [7] and [131 These estimates will be consequences of the following 
two general theorems 116.11 and 116.61 

Volume of balls over the reals. We will first need a variation of a theorem on 
fiber integration. This theorem says that the volume of the fibers of an analytic 
function has a, term-by-term differentiable asymptotic expansion in the scale of 
functions ^•' (logt)'^ with j rational and k non-negative integer. More precisely. 

Theorem 16.1. [30j Let X C M™ be a smooth real analytic variety, / : X ^ M 
a real analytic function and v a C°° measure on X . Then, for any compact K of 
X, there exist d G N and a set {Aj^k ■ j £ k E Z,0 < k < m} of distributions 
on X supported by /~^(0) such that, for every C°° function ip : X —>■ M. with 
support in K , the integral 

v^it) := / (p{x) du{x) 

Jo<f{x)<t 

has a term-by-term differentiable asymptotic expansion when t > goes to 

E E A,A^)t'i^ogt)' 

jG-N 0<k<m 

•* d 

This means that, for every jo ^ 0, defining v^j^ by truncating the above sum: 

0<j < jo 0<fc<m 

one has (^)^ {v^ — v^^j^) = o(P°~^) for every i > 0. 

Remark This theorem is stated for a smooth analytic variety Z and a smooth 
measure fi. Its proof is based on the real version of Hironaka's resolution of 
singularity as in pj. Using once more Hironaka's theorem it can be applied to 



40 



YVES BENOIST AND HEE OH 



a singular analytic variety X with a measure /x associated to a meromorphic 
differential form. Here is one example of such an application: 

Proposition 16.2. Let Z be a connected component of the real points of a smooth 
real affine algebraic variety Z and fx a measure on Z which is defined by a regular 
differential form of Z. Let F : Z ^ M. be a positive proper regular function and 
set vt '■= IJ'{{z € Z : F{z) < T}). Then, there exist positive integers io, d and 
constants aj^k such that vt has a term-by-term differentiable asymptotic expansion 
when T — > oo 

j < io 0<fc<m 

The condition F regular means that F is the restriction to Z of a regular 
function on the algebraic variety Z. 

Proof. Using the resolution of singularities we can view Z as an open real algebraic 
subvariety of a smooth projective variety X such that the boundary Y := X — Z 
is a divisor with normal crossing. Hence, in a neighborhood Uy^ of each real point 
yo of Y, there is a real local coordinate system (xi, . . . , Xm) such that Y is given 
by rci • • • = 0, for some r < m. We are only interested in those points yo in 
the closure of Z. Near these points, the meromorphic function / := 1/F is zero 
on Y. Using a partition of unity associated to such a cover, we are reduced to a 
local problem. Namely proving, for every C°° function ip with compact support 
in Uyg , the existence of a term- by-term differentiable asymptotic expansion for 

v^,f,{t) := / (fix) dn{x) 

Jf{x)<t 

when t := 1/T goes to 0. It is equivalent to prove the existence of such an 
asymptotic expansion for the derivative f^^(t) which is called the integral of fi 
on the fiber f~^{t). 

Using once more the resolution of singularities for the numerator and denom- 
inator of / and a new partition of unity, we can assume that / is monomial in 
these coordinate systems. Using the fact that / is positive on Z and zero on its 
boundary, we deduce that / is given by / = sx^^ ■ ■ ■ x^'' with pi, . . . ,pr positive 
integers and s = ±1. Hence / is an analytic function near yo. 

The integral f <^,^ is now very similar to the integral f <^ of Theorem 116.11 except 
that /i may not be smooth. However fi is defined by a regular differential form 
on Z hence there exists a positive integer io such that the measure u := /^°/x 
is smooth. According to Theorem 116.11 v^^^u has a term-by-term differentiable 
asymptotic expansion. The following equality between the fiber integrals 

implies that f has also a term-by-term differentiable asymptotic expansion. □ 
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For us, the main example to which we will apply Proposition 116.21 is a closed 
orbit Z under the group of M-points of a M-algebraic group, an invariant measure 
\x on this orbit and the restriction F to Z of the square of an euclidean norm on 
R™. Hence we get. 

Corollary 16.3. Let Z he a closed orbit of the group G of M.-points of an M- 
algebraic group acting algebraically on a M-w ector space V , fi an invariant measure 
on Z and \\ ■ \\ an euclidean norm on V. Set Bt := {z E Z : \\z\\ < T} and 
Vt := 

a) Then vt ~ cT"(logT)'', as T ^ oo, where a G Q>0; b G Z>o and c > 0. 

b) Moreover -^vt ~ c J.(T"(logT)''), as T ^ oo. 

c) For any ko > 0, there exists 5o > such that one has, as T oo, 

I \\z\\-^''d^i{z) = 0{v}f^'>). 

d) If G is semisimple and Z is non compact then one has a ^ 0. 

Remarks - When Z is a symmetric variety, the point a) is proven in [251 
Corollary 6.10] for any norm on V and the parameters a and b are explicitly 
given. 

- When G is a group of diagonal matrices, the constant a is zero. 

Proof, a) and b) This is a special case of Proposition 116.21 Note that since vt is 
an increasing function of T, one has a > 0. Moreover, note that, when a = b = 0, 
the orbit is of finite volume hence compact. 

c) Set ut '■= /g^ By a), one has vt = 0(T"^°) for some niQ > 0. 

Hence the derivative = T~^°f^ satisfies u'j, = 0{vj!^^^^°v'rp) and, integrating, 

one gets ut = 0{v^~''°^"^°). 

d) This is a special case of the following Proposition 116.41 □ 

Proposition 16.4. With the notations of Corollary \16.3\ one has the equivalence: 
All unipotent elements of G act trivially on Z <^=^ a = 0. 

Proof. =^ By assumption the normal subgroup of G generated by the unipotent 
elements of G acts trivially on Z. Hence one can assume that G is a product of 
a compact group by a r-dimensional group of diagonal matrices. In this case one 
has = 0((logT)'^) as T ^ oo. 

This implication is a consequence of the following Lemma 116. 5[ □ 



Lemma 16.5. Let U be a one-parameter unipotent subgroup of GLm{M.), fi a 
U -invariant measure on which is not supported by the U -fixed points and set 
Bt for the euclidean ball of radius T on M™. Then one has 

ltoinfM4M>0. 

T-oo log(T) 
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Proof. First of all, note that all the orbits Uz of U in are images of M by 
polynomial maps t t— > UtZ of degree dz < m. We may assume that this degree 
dz is yU-almost everywhere non-zero constant. Set > 1 for this degree, write 
UtZ = f^Vz + 0(t'^~"^) for some non-zero Vz € M™", and note that the constant 
involved in this ©(t*^"^) is uniform on compact subsets of M™. 

One can find a compact subset C C transversal to the [/-action such that 
^{UC) > 0. The pull-back on M x C of the measure /i by the action {t, z) ^ Utz 
has the form dt® v where dt is the Lebesgue measure on M and i/ is a non-zero 
measure on C. Choose c > sup^g^; Ik^ll- Then, for R large, one has 

U[o,R]{C) C B^Rd 

and hence fi{B^jid) > Ru{C). This proves our claim. □ 

Volume of balls over the p-adics. We will also need Denef's theorem on 
p-adic integration. For that we need some notations. A subset of is said 
semialgebraic if it is obtained by boolean operations from sets Pf^r '■= {x G 
/ 3|/ G Qp : f{x) = y^} with / a polynomial in m variables with coefficients 
in Qp and r > 2. According to Macintyre's theorem, which is the p-adic analog 
of Tarski-Seidenberg theorem, those sets are exactly the definable sets of the 
field Qp [33j. A function / between two Qp- vector spaces is said semialgebraic 
if its graph is semialgebraic. According to Denef's cell decomposition theorem 
([13] and 0), for every semialgebraic subset S, there exists a finite partition 
of S in semialgebraic sets Si, . . . , Sj^^^ (called cells) such that, for each j = 
l,...,jmax, Sj is in semialgebraic bijection with a semialgebraic open subset 
Oj of a vector space Qp^ (recently, R. Cluckers has shown the existence of a 
semialgebraic bijection between S itself and some Qp). A measure /i on S' is said 
semialgebraic if there exists a cell decomposition of 5* on each cell of which fi is of 
the form \gj{x)\dx where gj is a semialgebraic function on Qp^ and dx is a Haar 
measure on Qp-' . A function a : Z ^ Z is said simple if there are finite partition 
of M and — N by finite sets and arithmetic progressions on which a is affine, see 
[m §2.13, 2.14 and 4.4]. 

Theorem 16.6. p!2l Theorem 3.1] Let be a semialgebraic measure on an Tri- 
dimensional semialgebraic subset S over Qp and f be a semialgebraic function on 
S . For n G Z, set 

In ■= / dn{x) 

when this integral is finite and /„ = otherwise. Then, for all n G Z, one has 

l<i<e 

where e & (3i : Z ^ Z is a simple function and 'ji : Z ^ Z is a product of at 
most m simple functions for each 1 < i < e. 
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For instance, an orbit under the group of Qp-points of a Qp-algebraic group 
acting algebraically is definable and hence semialgebraic, by Macintyre's theorem, 
and an invariant measure on this orbit is semialgebraic. Hence one gets: 

Corollary 16.7. Let k he a finite extension of Qp, q the absolute value of an 
uniformizer, G the group of k-points of an algebraic k-group, p : G GL{V) 
a representation of G defined over k, Z a closed G-orbit in V , an invariant 
measure on Z and \\ ■ \\ a max norm on V . Denote by St the sphere St = {z & 
Z : ||2;|| = T} and set vt ■= P^St)- 

a) There exists Nq & N such that, for each < jo < Nq, one of the following 
holds: 

(1) Sgj is empty, for j = jo mod Nq large; 

(2) there exist aj^ G Q>o, bj^ G Z>o, and cj^^ > such that, 

Vqi ^ Cj^ q"'^o-' j^'^o for j = jo mod Ai'o large. 

b) For any k^ > 0, there exists 6o > such that one has, as T oo, 

\\z\\-^°dfx{z) =0(4^'^"). 

c) If G is semisimple and Z is non compact then, for all j^^ in case (2), one has 

Remarks - Let us recall that a max norm is a norm given in some basis ei, . . . , 
by II Zl^iCill = max|a;j|. 

- When G is a group of diagonal matrices, all the constants a^^ are zero. 

Proof. Viewing as a Qp vector space, we may assume that k = Qp. 

a) This is a special case of Theorem 116.61 

b) By a), there exists mo > such that vt = 0{T"^°). Hence one has 
/^^ \\z\\-'^^dp{z) = T~^^VT = 0(4-'°/"^°). 

c) This is a special case of the following Proposition 116.81 which is analogous 
to Proposition 116. 4[ □ 



Proposition 16.8. With the notations of Corollary \16. 7[ the following are equiv- 
alent: 

{{) All unipotent elements of G act trivially on Z, 
(ii) For all jg in case (2), one has aj^ = 0, 

[Hi) Either Z is compact or, for some j^ in case (2), one has aj^ = 0. 

Proof. The proof is as in Proposition 116.41 

(i) =^ (ii) By assumption the normal subgroup of G generated by the unipotent 
elements of G acts trivially on Z. Hence one can assume that G is a product of 
a compact group by an r-dimensional group of diagonal matrices. In this case, 
one has f^{Spj) = 0{j^) as j oo. 
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(ii) =^ {iii) If Z is non compact, at least one is in case (2). 

{Hi) =^ (i) This implication is a consequence of the following Lemma [16.91 □ 

Lemma 16.9. Let k be a finite extension of Qp, U a one-parameter unipotent 
subgroup of GL{m, k), fi a U -invariant measure on k"^ which is not supported by 
the U -fixed points and denote by St the sphere of radius T on A;™ for the max 
norm. Then one has, as T ^ oo subject to the condition /^(S'y) ^ 0, 

hminf i^^4¥^ > 0. 

log(r) 

Proof. The proof is as in Lemma 116.51 First of all, note that all the orbits Uz of 
U in are images of k by polynomial maps t i— *• UtZ of degree <m. We may 
assume that this degree dz is /x-almost everywhere non- zero constant. Set d> 1 
for this degree and write UtZ = f^Vz + 0{t'^^^) for some non-zero Vz € fc™. Let q 
be the absolute value of an uniformizer. The set { j G N : UzP\ Sqj ^ 0} is then 
equal, up to finite sets, to some arithmetic progression jz + with < < d. 
We may assume that this integer jz is /i-almost everywhere constant. Set for 
this integer. 

One can find a compact subset C d k"^ transversal to the [/-action such that 
fi{UC) > and on which Hf^H is constant equal to some power q^o^'^^o with 
G N. The pull-back on x C of the measure by the action (t, z) i— > UtZ has 
the form dt®v where dt is a Haar measure on k and z/ is a non- zero measure on 
C. Then, for \t\ = q^ large, one has 

UtiC) C S ^j^+dm^^+dl 

and hence ii{S i^+dmQ+di) > (g— 1) q^^^ ^{C). This proves our claim. □ 
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